
International Journal of Performability Engineering Vol. 7, No. 3, May 2010, pp. 229-240. 

© RAMS Consultants 

Printed in India 

___________________________________________________ 

*Corresponding author’s email: yves.dutuit@iut.u-bordeaux1.fr                                 229 

 

A Component Importance Measure Suitable for Flow 
Transmission Multi-state Systems 

FARES INNAL
1
 and YVES DUTUIT

2*
  

1
Université de Batna / IHSI, avenue Chahid Mohamed Boukhlouf, 05000 Batna, Algeria 

2
Université de Bordeaux / IMS / LAPS, 351, cours de la Libération, 33405 Talence cedex, 

France 

(Received on November 08, 2009, revised on December 22, 2010) 

Abstract: This paper deals with the performance evaluation of both a production system 

through the measurement of its average production availability over a given period and its 

constitutive parts through their respective contributions to the overall production loss. To 

perform such measures, a model of the system behaviour must be built and exploited. In 

this paper this behaviour (nominal, degraded, failed) is modelled by means of Petri nets 

(PN), by taking into account the upstream and downstream effects induced by the failure 

of a given component on the production level of other components, and then, on the 

production level of the whole system, i.e., on its performance level. The magnitude of 

these effects is closely linked to the so-called importance of the components which have 

created them. The notions of production availability and component importance are 

presented and illustrated in this paper on the basis of a simple but not trivial example of an 

oil production system. 

Keywords: Multi-state systems, Production availability, Importance measures, Stochastic 

Petri nets. 

1. Introduction 

    Several indicators of components and systems performance are commonly used in the 

field of reliability. Beside the classical concepts of reliability, instantaneous availability 

and average availability, new and more general attributes of performance have been 

appearing over the last few years. Among them, the terms productiveness, effectiveness, 

serviceability [1-2], performability [3], output performance [4], throughput capacity [5] 

and production availability [6-8] are the most frequently used. It is now obvious that the 

determination and the optimization of these performance attributes are important for the 

lasting success of any project, because the major life costs in time and money are closely 

related to them. Therefore a proven ability to model and assess accurately such attributes 

and use this information to make adequate design decisions becomes crucial for the above 

mentioned success. Thus, the modelling of the behaviour of any given production system 

and the a priori evaluation of its output performance are an essential issue in industries 

such as oil production [5] [8], power generation [9] and manufacturing production.  

    Another related challenge is to identify the constitutive parts (components) of the 

system that mostly influence the system behaviour and then its output performance. The 

above problem is not new since, for a long time, many indicators have been proposed to 

assess this influence (for survey, see [10] [23] [24]). But, from a historical point of view, 

most of them measure the influence of binary components or sets of components on a 

binary system.
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    This restricted aspect has recently been overcome by using generalized importance 

measures (IM, for short) suitable for multi-state systems (MSS) made up of multi-state 

components [4] [11-13], i.e., entities that are able to work at different and discrete 

performance levels [14]. If these latter importance measures can be used to assess the 

previously cited influence for both at a given time and over a specified time period, most 

of them can nevertheless be mainly considered as extended versions of the previous binary 

ones, which exhibit the same characteristic, i.e., according to [13], they belong to a 

specific category (say type 2) which quantifies how a particular component state or set of 

states affect the system performance. These states correspond to component performance 

levels restricted to be below (resp. above) or equal to a given value, α. To go further, this 

paper proposes a new importance measure particularly suitable for flow transmission 

MSS. It differs from all others mentioned above by the three following features: 

- It has the additivity property. To our knowledge, only the differential importance 

measure due to E. Borgonovo and G.E. Apostolakis [15] has the same property. But, as 

far as we know, it has not been applied to any MSS with dependent components. 

- The proposed IM does not require that a given component always operates with 

restricted performance, since in this model all components of the considered MSS can 

freely function at all their possible performance levels according to their current states 

and to the state of the bottleneck component (see section 2.1 ), if any. 

- It quantifies what percentage of the overall system production loss can be attributed to 

a specific component or group of components. Then it belongs to the IM category of 

type 1 which quantifies the impact of a component as a whole on system performance 

[13]. Such information is of interest for maintenance optimization and from an 

economical point of view, because it enables operators and analysts to identify the 

components which mainly contribute to the global production loss, and to focus on 

some appropriate improvements. This is why this IM is named “component individual 

contribution” (to the overall system production loss) or CIC to be brief.  

The remainder of this paper is organised as follows: 

Section 2 is devoted to a detailed presentation of the notions of both average production 

availability and CIC with the way to compute them. The system to be studied (an oil 

production installation) is depicted in section 3. The Petri net (PN) model partially 

presented in section 4 depicts the behaviour of the above system over its mission time. 

Some explanations are given in subsection 4.3 to better understand both the graphical 

model and the related variables. Section 5 gathers the results obtained from the above PN 

models. They concern the average production availability of some units of the system and 

their importance measures. A short conclusion ends this paper.  

2. Production Availability and Individual Component Contribution 

For the sake of simplicity the notions of production availability and component individual 

contribution are introduced and presented on the basis of an example often used in the 

MSS reliability/availability field [8] [11] [16] [17]. It is depicted in Figure 1 here below. 

2.1 Production Availability 

     The illustrative system is generally presented as a flow transmission (or production) 

system. The flow (of oil/gas, for instance) is supplied by the input node A and is divided in 

two parts which are respectively treated by components C1 and C2. The outputs of these 
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components are merged into an unique flow which is then treated by the component C3 and 

delivered to the terminal node B (a given user or customer entity). 

 
C1 

C2 

C3 
A B 

 

Figure 1: A simple MSS 

It is well-known that the output flow of the last element (here component C3) of the 

production system corresponds to its overall production flow and is also its reply to the 

demand D emanating from the terminal node. Even if D has a constant value and the 

source A has an illimitable capacity of supply, the amount delivered to the terminal node B 

can vary between different discrete levels
i

x according to the current treatment capacities 

(capacities to be brief) of the components Ci, and then to their physical states. 

Consequently the above amount can be seen at any time t as a discrete random variable X  

defined by the set of its possible values
i

x and the related probabilities )()( tpxXp
ii

== . 

Therefore its expected value )(XE is logically used to assess the overall production flow 

of the considered system at time t [7] [16]: 

                  ∑ ⋅=
i

ii
xtpXE )()(

                                   (1) 

where all xi and then E(X) can be expressed in arbitrary units (a.u.) such as cubic meters 

per hour or barrels per day, for instance, if oil flow is concerned. 

A measure of the so-called expected production availability at time t is directly 

deduced from formula (1) by dividing E(X) by demand D: 

                 DXEtPA /)()( =                                      (2) 

We thus obtain a parameter without unit whose value is included in the interval [0 ; 1] 

as the classical measure of the “common” availability. This parameter is named 

“throughput availability” in [16]. 

The average production availability over a given time interval T can then be 

computed by integrating the expected production availability over T and dividing the result 

by T. Again we obviously obtain a parameter without unit whose value is included in the 

range [0 ; 1]. Henceforth, as for many terms of the reliability/availability domain, expected 

production availability and average production availability will be differently used for the 

concepts or their measures as well. Accordingly, the reference [6] defines the (average) 

production availability as “the ratio of production to planned production, or any reference 

level, over a specified period of time”. 

To illustrate the notion introduced above, the proposed case study is treated hereafter 

with the set of data given in [16]. 

- All components are independent. Components C1 and C2 are identical with a binary 

behaviour (working and failed). Their treatment capacities )(tX
i

corresponding to 

these states are respectively equal to 1 a.u. and 0 a.u., with i =1, 2. Component C3 has 

a ternary behaviour (working, degraded and failed). Its treatment capacity )(
3

tX takes 

then respectively the value 2 a.u., 1 a.u. and 0 a.u. 

- The demand coming from the terminal node is constant: D(t) = D = 2 a.u. 
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- The probabilities of state occupancy related to components C1 and C2 are as follows: 

P(Ci working at time t) = 96.0)(
1,

=tP
i

and indeed: P(Ci failed at time t) = 

04.0)(
0,

=tP
i

, with i = 1, 2. With the same convention, we have: 97.0)(
2,3

=tP (C3 

working); 02.0)(
1,3

=tP (C3 degraded); 01.0)(
0,3

=tP (C3 failed). 

- It is worth noticing that )()()1()1(
1,21,121

tPtPXPXP ===== , )()2(
2,33

tPXP == , 

)()1(
1,33

tPXP == and )()0(
0,33

tPXP == . 

The aim of this application is to compute the production availability PA(t) of the 

overall system. To do that, we must keep in mind the well-known combination rules which 

enable us to determine the capacity of any series-parallel system from the individual 

capacities of its constitutive elements [4] [8] [16]:  

- The treatment capacity of any subsystem made up of several elements in parallel is the 

sum of the individual capacities of these elements. 

- The treatment capacity of a subsystem in series is equal to the minimum of the 

capacities of its constitutive elements.  

The element with the lowest capacity is known as the “bottleneck” of the system in series. 

The above rules are summarized by the following equations given for a pair of elements, 

but valid for many elements. The abbreviations CAP and min stand respectively for 

capacity and minimum: 

    CAP(A,B) = CAP(A) + CAP(B) if elements A and B are in parallel             (3) 

    CAP(A,B) = min [CAP(A), CAP(B)] if elements A and B are in series           (4) 

By considering the structure of the system and all possible values taken at time t by 

the treatment capacities (simpler notations are used: X1(t), X2(t), X3(t) of the components 

and by applying equations (3) and (4), it is easy to assert that the overall 

amount )(tX delivered at time t by the system can take its value only among the following 

three discrete ones: 2, 1 or 0, with the corresponding probabilities: 

andtPtPtPXP 894.0)()()()2( 2,31,21,1 =⋅⋅==

094.0)]1()1([)1()]1()1([)2()1( 213213 ===⋅=+==⋅=== XORXPXPXXORXPXPXP

where XOR stands for eXclusive OR. 

It obviously comes: .012.0])1()2([1)0( ==+=−== XPXPXP  

The expected overall production of the system at time t and the related production 

availability PA(t) are immediately computed by respectively applying formulae (1) and (2) 

as follows:  

  
..882.1)1(1)2(2)( uaXPXPXE ==⋅+=⋅=

                              (5) 

  PA(t) = E(X)/D = 1.882/2 = 0.941.                                        (6) 

2.2 Individual Component Contribution 

    The main interest of measuring the average production availability does not live in 

the knowledge of its value itself, but in the fact that it enables engineers and managers to 

assess both the average production loss due to their installation and its weak points which 

mainly contribute to this loss. If the former can be easily obtained by a simple difference 

(average production loss = demand – average amount of production, with all terms given 

in arbitrary units), the identification of the main contributors and the evaluation of their 

respective importance require the computation of a specific IM for each of them. As 
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mentioned before this IM is named component individual contribution. A possible way to 

explain its meaning and to compute it is presented hereafter. 

The expected production loss at time t is noted E(Y). It is named “lost throughput” in 

[16] and can be computed as follows: 

      ..118.0882.12)()( uaXEDYE =−=−=                            (7) 

Now the question of interest is: Which part of this lost amount must be individually 

allocated to each component of the studied system? The key-point of the answer lies in the 

identification of conditions which force a component or a block of components to be a 

bottleneck. Such conditions appear when equations (3) and (4) are applied to the system 

considered as a pair of two blocks in series. Because the whole production capacity of 

each of these blocks can be considered as a random variable with 0, 1 and 2 as possible 

values, a loss of production arises when the capacity of one or two blocks becomes equal 

to 0 or 1. The corresponding losses of production are respectively equal to D – 0 = D = 2, 

and D – 1 = 1 and are totally assumed by the bottleneck block. But if there are two blocks 

with the lowest current capacity, then both of them are bottlenecks which have to 

contribute equally to the loss of production. Thus, there are six possible configurations 

denoted conf k, with k = 1 to 6. They are given below with their respective occurrence 

probabilities. As previously the capacity of the component Ci is noted Xi, with i =1, 2, 3. 

Block B1 is made up of components C1and C2 in parallel and block B2 is component C3. 

5601)]0()0()0[(1)1(
321

−====== E.X AND X AND X P  PconfP

{ } 3541)1()]1()1[(2)2(
321

−====== E.X AND X XOR X P  PconfP
 

{ } 3581)]2()1([)]0()0[(3)3(
3321

−======= E.XORX AND X AND X P  PconfP
 

}{{ })0()]1()1[()]1()1([4)4(
32121

======= XANDX AND X ORXXOR  X P  PconfP
             

398.9 −= E
 

{ } 245.7)2()]1()1[(5)5(
321

−====== EX AND X XOR X P  PconfP
 

2841)]1()1()1[(6)6(
321

−====== E.X AND X AND X P  PconfP
 

The expected production loss (at time t) allocated to each block is then deduced as 

follows.  

)245.7(1)358.1(2)]354.1(1[5.0)]560.1(2[5.0)1( −⋅+−⋅+−⋅⋅+−⋅⋅= EEEEBE
 

     
..284.7 uaE −=
                                                   (8) 

)284.1(1)398.9(2)]354.1(1[5.0)]560.1(2[5.0)2( −⋅+−⋅+−⋅⋅+−⋅⋅= EEEEBE
 

     
..292.3 uaE −=
                                                   (9) 

The expected production loss allocated to the components C1, C2 and C3, named E(Yi) 

with i =1, 2, 3, are directly deduced from the above results as shown here below:   

                  
..292.3)2()3( uaEBEYE −==

                        (10) 

                 
..292.32/)1()2()1( uaEBEYEYE −===
                   (11)  

The equality (11) results from the identity of components C1 and C2 which have the 

same probabilities of failure, the same capacities of treatment and symmetrical locations in 

the system structure. If the previous conditions were non satisfied, then the contributions 

of components C1 and C2 to the overall system loss would be different and should be 

calculated in proportion to their individual loss of capacity, according to the following   

general formula applied to a given component j: 
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_
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where CAPj_N is the nominal (maximum) production capacity of component j, CAPj is its 

current production capacity and M is the number of the bottleneck blocks which constraint 

the production flow of the system. 

The main advantage of the use of the component importance measure E(Yi) is its 

additive character which appears when the global loss of production E(Y) is compared 

with the sum of E(Yi) as shown hereafter:  

   E(Y) = 0.118 a.u. ≈ E(Y1) + E(Y2) + E(Y3) = 3×0.092 = 0.1176 a.u.           (13) 

In fact a more accurate computation gives exactly the same numerical result for the 

two members of equation (13), i.e., 0.117632 a.u.  

Like equations (5) and (6), another pair of equations shows two ways for evaluating 

the component contributions to the global production loss of a system. The first one is the 

expected production loss of components E(Yi) and the second one is named component 

individual contribution (to the global production loss) or CIC, as previously announced. 

The latter is deduced from the former as follows: 

                  CIC(Ci) = E(Yi)/E(Y)                             (14) 

In our case, we have: 3/1118.0/0392.0)3()2()1( ≈=== CCICCCICCCIC      (15)  

The CICs obviously inherit the additive property from the expected production loss 

measure. 

To achieve the current paragraph, lets us go back to the results given in equations 

(10) and (11). At first glance they seem unexpected, because the production flow through 

components C1 and C2 are merged to constitute the input flow of C3. Then C3 should 

appear as the most important bottleneck among the three components. It is not true at all 

since all components are the same importance regarding the overall production loss. A 

way to confirm these results is to use an importance measure “that can assist in quantifying 

the difference between system production capacity assuming a component has infinite 

capacity (i.e., assuming that component does not restrict the flow in the system) and  

system production capacity considering the component’s true capacities” [13]. This IM has 

been first proposed by Aven and Ostebo as the “improvement of expected system 

capacity” [18]. Several years later Innal et Dutuit [19] used the same IM under the name 

“loss importance factor”. It can be expressed as follows: 

               )()( XEXEI
jj

−=
> αα

                                    (16)         

According to an usual convention (see, for instance, reference [8]), the first term of 

the right member of equation (16) stands for the system performance (here its production 

capacity) when the performance of the j
th

 component is above α (i.e., the performance of 

the component in its full working state or nominal state). 

By applying the above formula it comes: 

          uaIuaII
CCC

.0380.0.0376.0 1

3

0

2

0

1
=≈==                       (17) 

There is rather a good agreement between the numerical results provided by 

equations (10 and 11) and (17), which seems to show that the so-called component lost 

importance factor can be used as an approximation of the component expected production 

loss measure. Some comments about their respective advantages are given in section 5.  

The analytical procedure we have carried out to compute both the production 

availability and the related IM, is suitable only for systems with independent components 
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and few combinations of events leading to all possible production levels. For more 

realistic systems, with dependent components and numerous rules of functioning, other 

procedures and models are required. Such procedure and models are described and used in 

section 4. 

3. Illustrative Example 

As an illustrative example, we shall consider the system depicted in Figure 2. It represents 

a part of an oil extraction installation [7]. Although close to a real-life system, this test 

case has been designed to concentrate most of the modelling difficulties of the assessment 

of production availability and related IM. Because of the lack of place the constitutive 

elements of the system, the role they play with the rules which govern their behaviour are 

not given hereafter. They can be found in reference [7] or obtained directly from the 

corresponding author. 

 

Figure 2: A simplified production system 

The above flow transmission multi-state system is simple but not trivial, because two 

kinds of dependency constraint its components. The first one is due to the restricted 

number of repairmen available. The second one belongs to the well-known operational 

dependencies induced here by the presence of bottleneck components which put some 

other components into a non operating waiting state, i.e., which force their behaviour. To 

be able to handle such systems, powerful and flexible models are needed for modelling 

their behaviour while Monte Carlo (MC) simulation technique is often used to evaluate 

their performance indexes. Among them, average production, average production 

availability, component individual contributions and loss importance factors will be 

evaluated thanks to statistical data obtained from MC simulation applied on Petri nets 

models (PN-models). A procedure to handle flow transmission systems such that depicted 

in figure 2 and the related PN-models are shown in section 4, while the numerical results 

they give are gathered in section 5.  

4. Modelling of the System Behaviour 

4.1 Proposed Procedure 

The main steps of a possible procedure to determine both the average production 

availability and the component individual contributions to the overall production loss of a 

flow transmission system are summarized hereafter: 
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- Identify all the flow lines of the system. A line is an assembly of components or 

blocks which are necessary in series. It must be noted that a given component or block 

can belongs to more than one line. 

- Compute the current capacity (i.e., at time t) of any component and block by using 

equations (3) and (4). 

- Compute the current capacity of each line. Add them to obtain the current capacity of 

the whole system which is its expected production at time t noted E(X) and the related 

production availability E(X)/D. 

- Deduce from these measures both their average values over a specified time-period 

and the corresponding system production loss over the same time-period. 

- Identify the bottleneck-block for each flow line. 

- Allocate the whole loss of production of each line to its bottleneck-block. 

- Allocate to each constitutive component of this bottleneck-block a part of the whole 

loss of production it assumes, according to its proper capacity loss (see equation 

(12)). The expected production loss E(Yi) at any time and the corresponding 

component individual contribution are thus obtained for all components. 

- Deduce their average values over the specified time-period. 

The above points are taken into account in the proposed PN-models by means of the 

variables they use.  

4.2 Petri Net Models 

The PN-models we use are known as PN-models with predicates. They look like the 

conventional ones [20-21], but they are more powerful to model dynamic systems and to 

assess their performance. They exhibit the same attributes such as places, tokens, arrows 

which can be inhibitors or not, weighted or not, transitions with deterministic or 

probabilistic delays, with or without memory, but they also have more advanced attributes 

such as constant parameters which can be Boolean, integer or real, variables, guards 

(received messages) which validate the transitions, assignments (emitted messages) which 

update the above variables (see reference [22] for several practical applications). For the 

reason already mentioned only three PN models among eight are depicted in figures 3 and 

4. 

 

     
 

Figure 3: PN-models Related to the Behaviour of Units W1 and W2 
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Figure 4: PN-model Related to the Behaviour of Unit A 

4.3 Some Information about the Used PN-Models 

    The Petri nets model of Figures 3 and 4 are rather hard to understand without any 

explanation. An explicit description of the main features of this kind of model is outside 

the scope of this paper. However, some explanations related to the used syntax are given 

below: 

#i (i is an integer > 0) is the marking of the place number i on the network. 

jets indicates the number of tokens. 

e1|e2 is the OR logic for e1 and e2, which are Boolean expressions. 

e1&e2 is the AND logic for e1 and e2, which are Boolean expressions. 

!! introduces a list of variables assignments; these assignments take place when the 

transition is launched. 

?? specifies a list of conditions that must be verified for the transition to be valid. 

drc δ is Dirac’s law of duration δ. 

exp λ is the exponential law with the rate λ. 

!e is the logic negation for e (Boolean expression). 

Moreover the value at any time of the global production (in arbitrary units) of the 

whole system is computed by adding the current values of the production of wells W1 and 

W2, i.e., the variables PROD_W1 and PROD_W2 which are continuously updated. These 

variables are themselves obtained by combining some other variables such as CAP_W1, 

CAP_W2, CAP_A, CAP_B, etc. which represent respectively the capacities of units W1, 

W2, A, B, ... The same way as above is used to compute at any time the individual 

contributions (CICs) of all units of the production system. 

5. Numerical Results 

    As mentioned in introduction two sets of results are presented in this section. The 

first one deals with the average amount of production of wells W1, W2, and the average 

amount of storage of T1 and T2. The second one concerns the importance measures related 

to loss of production we have proposed. All these results concern average values 

computed on a one year - period (8760 hours). 

5.1 Average Production 

    The quantities of interest have been computed by considering that the production 

levels of units A and B are not null when they are under repair in a degraded state. 

According to this configuration, the quantities of oil produced by each well and stored in 

each tank have first been computed. The corresponding results are grouped in table 1. 
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Table 1: System Average Production 

Some comments can be made regarding the above results: 

- It can be noted that the average system production over a given mission time is 

obtained by adding at any time either the production capacities of wells W1 and W2, 

respectively denoted PROD_W1 and PROD_W2, or the storage capacities of tanks T1 

and T2. It is worth noticing that the numerical values of these two sums are 

continuously updated and are necessary equal at any time because the production 

capacities of wells are continuously matched to both the level of the demand from the 

tanks and the handling capacities of production lines which depend on the current state 

of their constitutive elements. 

- Thus the average production availability of the whole system over a one year-period is 

estimated by applying the formula (2), i.e.,: 

           
86.0210/54.180 ==

avg
PA

                                    (18) 

 This corresponds to a percentage of global loss equal to 14%, which is important. 

5.2 Importance Measures Related to the System Production Loss 

    The two importance measures presented in subsection 2.2 have been computed for all 

the constitutive units of the studied oil production installation. The numerical values of the 

individual contributions to the overall loss of production are grouped in column 2 of table 

2 and those regarding the loss importance factors are listed in column 5. 

A brief survey of this table enables us to check that the hierarchical order of units 

contributions to the overall production loss provided by the two importance measures is 

the same, even if the numerical values corresponding to units D and E notably differ. All 

the results grouped in table 1 and those listed in column 3 of table 2 have been obtained 

together through an unique set of 10E5 simulation runs, while each value of the eleven loss 

importance factor
α

j
I required the same number of runs. This information clearly defends 

the use of the individual contributions, even if the second importance measures are easier 

to compute. Moreover, as previously checked, another advantage of the individual 

contributions lies in their additive character due to the allocation at any time of the overall 

production loss to the current bottleneck. 

6. Conclusion 

    In this paper a twofold problem was studied in detail. First the production 

availability of a multi-state, multi-output system was defined and estimated. Second the 

production loss contributions of its constitutive parts were computed. The modelling 

difficulties inherent to this problem were pointed out and a possible solution using Monte 

Carlo simulation applied on stochastic Petri models with predicates was performed. Such 

an approach is needed because it is able to take into account the realistic conditions 

 

States Average value 
Sum 

 

Standard 

Deviation (SD) 

Confidence Interval 

 90% – SD  

PROD_W1 112.32 (80%) 3.66 1.89E–2 

PROD_W2 68.22 (68.22%) 

180. 54 

 1.74 9.03E–3  

STORAGE_T1 98.08 (89.16%) 3.01 1.56E–2 

STORAGE_T2 82.46 (82.46%) 

180. 54 

 2.31 1.19E–2 
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Table 2: Importance Factors Related to the Production Loss 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

considered for the studied system, contrary to any analytical approach. Convincing results 

were presented. They showed the interest of the loss importance measures proposed. 

Among them, the so-called component individual contributions to the system overall 

production loss are particularly attractive due to their additive property and their ability to 

be applied on any flow transmission system. Another IM proposed in [13] has not been 

considered in this work in spite of its potential interest. It will be tested and compared to 

CIC measures in the frame of a planned study. 
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